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1.
(a) [10 marks]

(i) Describe Breadth First Search as an algorithm for undirected graphs. What
is its input, what is its output, and what sequence of steps is taken to
produce the output from the input?

(ii) In the network below, apply Breadth First Search to determine a spanning
tree with root G and the shortest distances from node G to each of the other
nodes in the graph.

(b) [10 marks]

(i) An edge AB in a graph is called a bridge if deleting this edge would cause
the nodes A and B to lie in different connected components of the graph.
What, in contrast, is a local bridge?

(ii) Suppose that a graph has two types of edges: strong ties and weak ties. A
node A of the graph is said to satisfy the Strong Triadic Closure Property
if, for any two nodes B and C, there is an edge (weak or strong) between B
and C whenever A has strong ties with both A and B.

Show that, if a node A in the graph satisfies the Strong Triadic Closure
Property and is involved in at least two strong ties, then any local bridge
that A is involved in is necessarily a weak tie.



2.

(a) [10 marks]
(i) Provide a formal definition of a finite n-player game.

(ii) What is a best response and what is a Nash equilibrium in a game?

(iii) For the following 2-player game, find all pure strategy Nash equilibria. The
rows here correspond to player A’s strategies, and the columns to player B’s
strategies. The first entry in each box is player A’s payoff and the second
entry is player B’s payoff.

L |M|R
ul1,123/1,6
M| 3,4 5522
D|[1,10]4,7]0,4

(b) [10 marks]
(i) Describe a sealed-bid second price auction as a game.

(i) What is a dominating strategy for a bidder in a sealed-bid second price
auction? Justify your answer.

(iii) A seller wishes to sell an item, which she values at s, in a sealed-bid second
price auction. There are two buyers, who value the item at v; and v,,
respectively. Both buyers know that the seller will submit her own sealed
bid of s, but they do not know the value of s. What is an optimal strategy
for a bidder in this auction? Explain your answer.

3.

(a) [10 marks]
(i) What is a bipartite graph by definition? And how can bipartite graphs be
characterized in terms of cycles?
(i) What does the Matching Theorem say about a bipartite graph?
(iii) Sketch a proof of the Matching Theorem.
(b) [10 marks]
(i) Describe the concept of market clearing prices between a set of sellers and
a set of buyers.
(ii) Suppose there are three sellers, A, B and C, and three buyers, X, Y and Z.
Each seller is offering a house for sale, and the valuations of the buyers for
the houses are as listed in the following matrix.

A B C
X3 6 4
Y| 2 8 1
Z|1 2 3

Describe briefly the bipartite graph auction procedure. Apply this procedure
to the above valuations in order to obtain a set of market clearing prices.

PTO.



4.

(a) [10 marks] Suppose that G = (X, E) is a directed network with node set X and edges
E C X2

(i) Define what it means for G to be weakly connected, and what it means to
be strongly connected.

(ii) In general, a directed network is partitioned into strongly connected com-
ponents. Describe the equivalence relation that yields strongly connected
components as its equivalence classes in terms of E, regarded as a relation
on X.

(iii) Many directed networks, like the World Wide Web, have a giant strongly
connected component which covers a substantial part of the network. Name
the other parts of the so-called Bow-Tie diagram of the components in a
directed network, and describe each in terms of a suitable relation on the
set of strongly connected components.

(b) [10 marks]

(i) Describe the Hubs and Authorities procedure for the ranking of web pages.
What is its input, what is its output, and what sequence of steps is used to
compute the output from the input?

(i) Why does the Hubs and Authorities ranking procedure converge?

(iii) Show the values obtained by applying two rounds of the Hubs and Author-
ities ranking procedure to the following network of web pages.

®)
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1.

(a) [10 marks]

(i) Describe Breadth First Search as an al-
gorithm for undirected graphs. What is
its input, what is its output, and what
sequence of steps is taken to produce the
output from the input?

(ii) In the network on the side, apply
Breadth First Search to determine a
spanning tree with root D and the short-
est distances from node D to each of the
other nodes in the graph.

(b) [10 marks] A graph, whose edges are all labelled either ‘4 or ‘—’, satisfies the Struc-
tural Balance Property, if any triangle in the graph (3 nodes joined by 3 edges)
has an odd number of edges (i.e., either 1 or all 3 edges) labelled ‘4’ .

(i) What is a complete graph?
(ii) What does Harary’s Balance Theorem say about a complete graph whose
edges are all labelled either ‘+” or ‘—’7?
(iii) Sketch a proof of Harary’s Balance Theorem.

2.

(a) [10 marks]
(i) Provide a formal definition of a finite n-player game.
(ii) What is a best response and what is a Nash equilibrium in a game?
(iii) Consider the following 2-player game, where the rows correspond to player
A’s strategies, and the columns to player B’s strategies. The first entry in
each box is player A’s payoff and the second entry is player B’s payoff.

L|R
ul(3,3]1,2
D|[2,1]3,0

Find all (pure) Nash equilibria of this game. Then change one but not both
of the payoffs in the (U, L) entry in the above game to some nonnegative
integer value, so that the resulting game has no pure Nash equilibrium.
Compute a mixed-strategy equilibrium for the resulting game.



3

(b) [10 marks) Two cities, A and B, are joined by two routes through distinct cities C and
D, and 80 cars need to travel from A to B. The first route consists of a highway
from A to a city C and a local road from C into B. The second route consists of a
local road from A to a city D, and a highway from D to B. The travel time along
a highway is one hour, regardless of the number of cars using it. The travel time
along a local road is 10 plus the number of cars using it. Drivers simultaneously
choose which route to use.

(i) Draw the transport network described above and label each edge with the
time needed to travel along that edge. Let x be the number of cars travelling
along the first route. Drivers simultaneously choose which route to use. Find
the Nash equilibrium value for x.

(ii)) The government builds a new two-way road connecting cities C and D.
Describe the new routes from A to B which are added by this connection.

(iii) The new road is very short and takes no travel time at all. Find the new
Nash equilibrium. What happens to the total travel time as a result of the
availability of the new road?

3.

(a) [10 marks]
(i) Define the term bipartite graph. How can a bipartite graph be characterized
in terms of its cycles?
(i) What does the Matching Theorem say about certain bipartite graphs?
(iii) Sketch a proof of the Matching Theorem.
(b) [10 marks]
(i) Describe the concept of market clearing prices between a set of sellers and
a set of buyers.
(ii) Suppose there are three sellers, A, B and C, and three buyers, X, Y and Z.
Each seller is offering a house for sale, and the valuations of the buyers for
the houses are as listed in the following matrix.

A B C
X|3 6 4
Y| 2 8 1
Z|1 2 3

Describe briefly the bipartite graph auction procedure. Apply this procedure
to the above valuations in order to obtain a set of market clearing prices.

PTO.



4.

(a) [10 marks] Suppose that G = (X, E) is a directed network with node set X and edges
E C X2

(i) Define what it means for G to be weakly connected, and what it means to
be strongly connected.

(ii) In general, a directed network is partitioned into strongly connected com-
ponents. Describe the equivalence relation that yields strongly connected
components as its equivalence classes in terms of E, regarded as a relation
on X.

(iii) Many directed networks, like the World Wide Web, have a giant strongly
connected component which covers a substantial part of the network. Name
the other parts of the so-called Bow-Tie diagram of the components in a
directed network, and describe each in terms of a suitable relation on the
set of strongly connected components.

(b) [10 marks]

(i) Describe the PageRank algorithm. What is its input, what is its output,
and what sequence of steps is used to compute the output from the input?

(ii) In this context, what is an equilibrium for PageRank?

(iii) In the network below, does the assignment of numbers to the nodes form an
equilibrium? Justify your answer.

1/4
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1.

(a) [5 marksy What is a graph? What is a directed graph? What is a tree?

(b) [5 marks] At a party with n =5 people, some people know each other already while
others don’t. Each of the 5 guests is asked how many friends they have at this
party. Two report that they have one friend each. Two other guests have two
friends each, and the fifth guest has three friends at the party. Understanding
friendship as a symmetric relation, is this network possible? Why, or why not?

(C) [10 marks]

(i) Describe Breadth First Search as an algorithm for undirected graphs. What
is its input, what is its output, and what sequence of steps is taken to

produce the output from the input?
(ii)) In the network on the side, apply

Breadth First Search to determine a
spanning tree with root G and the short-
est distances from node G to each of the
other nodes in the graph.

(iii) Use the Breadth First Search from part
(ii) to also determine, for each node x, its
possible predecessors on a shortest path
from G to x. Use this information to list
all shortest paths from G to B.

2.

(a) [5 marks] Define the concepts of degree centrality and of normalized degree centrality
for a graph G.

Let G be the graph on the vertex set {1,2,3,4,5,6,7} with edges 1 —2, 1 — 3,
2—4,2—-53—-4,4—6,5—6 and 6 —7. For each node in this graph G, deter-
mine its normalized degree centrality. (A sketch of G might be useful.)

(b) 5 marks] The fact that

GHO-(-()

makes A = 4 an eigenvalue with eigenvector v = (]) of the matrix A = (7).
The other eigenvalue of A is —1. With this example in mind, formulate the
Perron—Frobenius Theorem on square, irreducible, nonnegative matrices. Define
the concept of eigenvector centrality for a connected graph G.

(¢) [5 marks] Define the concepts of closeness centrality and normalized closeness cen-
trality for a connected graph G. Give an example of a connected graph on 5
vertices with a node of normalized closeness centrality 1.

(d) [5 marks] Define the concepts of betweenness centrality and normalized betweenness
centrality for a connected graph G.



3.

(a) [10 marks]
(i) Define the two Erdés—Rényi models, G(n, m) and G(n,p) of random graphs.
(ii) For a fixed value of m, describe each of the two models as a probability
distribution on the set G, of all graphs on the n nodes X ={1,2,...,n}.
(iii) For n = 100 and p = 9]—9, what is the probability that a graph G sampled
from the G(n,p) model has exactly 50 edges?
(b) [10 marks]
(i) Define the degree distribution of a graph G.
(ii) What is the degree distribution in a random graph G in the G(n,p) model?
What is the expected average degree in such a graph G?
(iii) Construct a graph G on 100 nodes by throwing a (fair, 6-sided) dice once
for each possible edge, adding the edge only if the dice shows a 6. Then pick
a node at random in this graph. What is the probability that this node has
degree 107

4.

(a) [10 marks]

(i) What is the node clustering coefficient of a vertex x in a graph G? What is
the graph clustering coefficient C of G?

(ii) Determine the graph clustering coefficient C of a random graph in the
G(n,p) model. How does C behave in the limit n — oo, when the av-
erage node degree is kept constant? What practical consequence does this
observation have?

(iii) Describe the Watts—Strogatz small-world model (WS model). What prop-
erties does a random graph sampled from the WS model have, that one
wouldn’t find in a random graph sampled from the G(n,p) model, or in an
(n, d)-circle graph?

(b) [10 marks] Suppose that G = (X, E) is a directed network with node set X and edge
set E.

(i) Define what it means for G to be weakly connected, and what it means to
be strongly connected.

(ii) In general, a directed network is partitioned into strongly connected com-
ponents. Describe the equivalence relation that yields strongly connected
components as its equivalence classes in terms of the edge set E, regarded
as a relation on X.

(iii) Many directed networks, like the World Wide Web, have a giant strongly
connected component which covers a substantial part of the network. Name
the other parts of the so-called Bow-Tie diagram of the components in a
directed network, and describe each in terms of a suitable relation on the
set of strongly connected components.
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Ql. [15 MARKS]

(a)

(b)

[3 Marks] What is a graph? What is a tree? Give an example of a
graph of order 5 and size 6. Does a tree of order 5 and size 6 exist?
Justify your answer.

[5 Marks] What is the Prifer code of a labelled tree and how can
it be obtained? How can the degree sequence of a labelled tree
be obtained from its Priifer code? Which labelled tree on vertices
{0,1,...,6} has Priifer code [1,1,1,1,1]? Justify your answer.

[3 Marks] Describe Breadth First Search as an

algorithm for computing distances between 0
vertices in a graph. What is its input, what is

its output, and what sequence of steps is taken

to produce the output from the input?

[4 Marks] In the network on the right, apply
Breadth First Search to determine

(i) a spanning tree with root a, and

(ii) the shortest distances from vertex a to
each of the other vertices in the graph.

Q2. [15 Marxs]

(a)

[5 Marxs| Define the concepts of degree centrality and of normalised
degree centrality for a graph G. Let G be the graph on the vertex
set {0,1,2,3,4,5,6} with edges0—3,1—-2,1-3,2—-3,3—4,3-5,
3 —6 and 4 — 5. Draw the graph GG and determine the normalised
degree centrality of all its vertices.

[5 Marks] Define the concepts of closeness centrality and normalised
closeness centrality for a connected graph G. Give an example of a
connected graph on 7 vertices with a vertex of normalised closeness
centrality 1.

[5 Marks| Define the concepts of betweenness centrality and normalised
betweenness centrality for a connected graph G. Give an example
of a connected graph on 7 vertices with a vertex of normalised be-
tweenness centrality 0.

Page 2 of 3 (p.t.o.)



Q3. [15 MARKS]

(a)
(b)

[3 Marks] Describe how to generate a graph from the Erdés—Rényi

model G(n,m).

[4 Marks] Describe how to generate a graph from the Erdés—Rényi
model G(n,p). Following this model, what is the probability of a
randomly chosen graph G to have ezxactly m edges? Justify your
answer.

[4 Marks|] Construct a graph G' on 80 vertices by tossing a fair coin
once for each possible edge, adding the edge only if the coin shows
heads. Then pick a vertex at random in this graph. What is the
probability that this vertex has degree 407

[4 Marks] What is a giant component in a graph G?7 State the
Erdds—Rényi Theorem on the appearance of a giant component in
a graph.

Q4. [15 MARKS]

(a)
(b)

[3 Marks] Sketch an example of an (n, d)-circle graph for n = 8 and
d = 2. How many edges does this graph have?

[5 Marks] Describe how to generate an (n,d,p)-WS graph in the
Watts—Strogatz small-world model. What properties does a random
graph sampled from the WS model have, that one would not find in a
random graph sampled from the G(n, p) model, or in an (n, d)-circle
graph?

[4 Marks] For a directed graph G on a vertex set X, define two equiv-
alence relations on X: one that has the strongly connected compo-
nents of G as its equivalence classes, and one that has the weakly
connected components of G as its equivalence classes.

[3 Marks] Many directed networks, like the World Wide Web, have
a giant strongly connected component which covers a substantial
part of the network. Name the other parts of the so-called Bow-
Tie diagram of the components in a directed network, and describe
each in terms of a suitable relation on the set of strongly connected
components.

Page 3 of 3
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Q 1. [25 MARKS]

(a)

(b)

[10 Marks]
(i) What is a graph?
(ii) What are the order and the size of a graph?
)
)
)

(v) How can one compute the size of a graph from its adjacency matrix?

(iii) What is the adjacency matriz of a graph?

(iv) How can one compute the degree of a vertex from the adjacency matrix?

[7 Marxs| Describe Breadth First Search as an algo-
rithm for computing distances between vertices in
a graph. What is its input, what is its output, and
what sequence of steps is taken to produce the out-
put from the input?

[4 Marks] Show how the Breadth First Search algo-
rithm for distances proceeds when the inputs are
the graph on the right and its node a.

[4 Marks] In the graph on the right, use the Breadth
First Search algorithm to also determine a spanning
tree with root a. @

Q2. [25 Marxs|

(a)

[5 Marks] Define the concept of normalised degree centrality for a graph G. Let
G be the graph on the vertex set {1,2,3,4,5} with edges 1 —2,1—3,2—4,
3—4,3—05, and 4 — 5. Draw the graph G and determine the normalised
degree centrality of all its vertices.

[5 Marks] Define the concept of normalised closeness centrality for a connected
graph GG. Compute the normalised closeness centrality of nodes 1 and 2 of G
in (a).

[5 Marks| Define the concept normalised betweenness centrality for a connected

graph G. Compute the normalised betweenness centrality of nodes 1 and 2
of G in (a).

[10 Marks] Let H be a path graph on 3 vertices. The eigenvalues of the adja-
cency matrix of A are —\/5, 0 and /2. Use this information to compute the
normalised eigenvector centrality of each node in H.

Page 2 of 3 (p.t.o.)



Q?). [25 MARKS]

(a)

(b)

[8 Marks| Describe how to generate a graph from the Erdés—Rényi models
G(n,m) and G(n,p). In each model, what is the probability of a randomly
chosen graph G to have exactly m edges? Justify your answer.

[5 Marks] Suppose one constructed a graph G on 100 vertices by tossing a (fair,
6-sided) die once for each possible edge, adding the edge only if the die shows
6. Then pick a vertex at random in this graph. What is the probability that
this vertex has degree 507 (You don’t need to return a numerical value. It is
enough to give an explicit formula in terms of the given data.)

[5 Marks] What is a giant component in a graph G?7 State the Erdds—Rényi
Theorem on the appearance of a giant component in a graph.

[7 Marks] Describe how to generate an (n, d, p)-WS graph in the Watts—Strogatz
small-world model. What properties does a random graph sampled from the
WS model have, that one would not find in a random graph sampled from
the G(n,p) model, or in an (n, d)-circle graph?

Q4. [25 MARKS]

(a)

(b)

[8 Marks] What is the Prifer code of a labelled tree T on n vertices, and how
can it be computed from 77 How can the degree sequence of a labelled tree
be determined from its Priifer code?” Compute the Priifer code of the tree on
the vertex set X = {1,2,3,4,5,6} with edges 1-2, 2-3, 3-4, 4-5, 4-6.

[5 Marks] What is a directed graph? What is the in-

degree and what is the out-degree of vertex c in the

directed graph on the right?

[7 Marks] For a directed graph G on a vertex set X, °
define two equivalence relations on X: one that has

the strongly connected components of G as its equiv- o

alence classes, and one that has the weakly connected

components of G as its equivalence classes. Q

[5 Marks] Many directed networks, like the World

Wide Web, have a giant strongly connected compo- Q

nent which covers a substantial part of the network.

Name the other parts of the so-called Bow-Tie dia- e
gram of the components in a directed network, and

describe each in terms of a suitable relation on the

set of strongly connected components.

Page 3 of 3
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Q 1. [25 MARKS]

(a)

(b)

(c)

[10 Marks]
(i) What is a graph?
(ii) What are the order and the size of a graph?
(iii) What is the adjacency matriz of a graph?
(iv) Let A be the adjacency matrix of a graph G. Explain how one can
compute the size of G as a function of the entries of A.
(v) Let A be the adjacency matrix of a graph G. Explain how one can
compute the degree of the nodes of G as a function of the entries of A2
[4 Marks] In the graph on the right, use the Breadth

First Search algorithm to determine all the shortest
distances between a and all the other nodes.

[7 Marks| In the graph on the right, use the Breadth
First Search algorithm for predecessors to determine
all the predecessors in a shortest path from a to all
the other nodes. Use this information to construct
all the shortest paths between nodes a and f.

[4 Marks] Determine a spanning tree of the graph on
the right by using the Breadth First Search algo-
rithm for spanning trees with inputs the graph itself
and its node a.

QQ. [25 MARKS]

(a)

(b)

[5 Marks] Let G be the graph on the set of nodes {1,2,3,4,5,6} with edges
1-2,1-3,2—4,3—4,3—6,4—5,4—6. Draw the graph G and determine
the normalised degree centrality of all its nodes.

[5 Marxs] Define the concept of normalised closeness centrality for a node in a
connected graph GG. Compute the normalised closeness centrality of node 1 of

G in (a).

[5 Marks] Compute the normalised betweenness centrality of node 5 of G in
(a). Justify your answer.

3 Marks| Is the graph G in (a) bipartite? Justify your answer.

[

[7 Marks] Let H be a complete graph on 3 nodes. The eigenvalues of the
adjacency matrix of A are 2 (with multiplicity 1), and —1 (with multiplicity
2). Use this information to compute the normalised eigenvector centrality of
each node in H.

Page 2 of 3 (p.t.o.)



Q?). [25 MARKS]

(a)

(b)
(c)

[5 Marks| Describe how to generate a graph from the Erdés—Rényi models
G(n,m) and G(n,p). In each model, what is the probability that a randomly
chosen graph G has exactly m edges? Justify your answer.

[5 Marxs| For which value of p does sampling graphs from the G(n,p) model
yield an expected size m?

[5 Marks] Suppose one constructed a graph G on 120 nodes by tossing a (fair,
6-sided) die once for each possible edge, adding the edge only if the die shows
3 or 6. Then pick a node at random in this graph. What is the probability
that this node has degree 507 (You do not need to return a numerical value.
It is enough to give an explicit formula in terms of the given data.)

[5 Marks] Describe how to generate an (n, d, p)-WS graph in the Watts—Strogatz
small-world model from an (n, d)-circle graph.

[5 Marks] How do the clustering and characteristic path length of a random
graph sampled from the WS model relate to those in a random graph sampled
from the G(n,p) model, or in an (n, d)-circle graph?

Q4. [25 MARKS]

(a)

(b)

[8 Marks] Compute the Priifer code of the tree on the set of nodes X =
{1,2,3,4,5,6} with edges 1-2, 1-3, 1-4, 4-5, 5-6. Explain how the degree
sequence of this tree can be determined from its Priifer code.

[5 Marks] What is a directed graph? What is the in-
degree and what is the out-degree of node a in the
directed graph on the right?

[7 Marks] For a directed graph G on a set of nodes
X, define an equivalence relation on X that has the
strongly connected components of G as its equiva-
lence classes. Explain why the graph on the right
has 5 strongly connected components, each consist-
ing of a single node.

[5 Marks] Many directed networks, like the World
Wide Web, have a giant strongly connected compo-
nent which covers a substantial part of the network.
Name the other parts of the so-called Bow-Tie dia-
gram of the components in a directed network, and
describe each in terms of a suitable relation on the
set of strongly connected components.

Page 3 of 3



