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1 REPRESENTING THE GRAPH IN A RELATIONAL DATABASE

1 Representing the Graph in a Relational Database
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Figure 1: Database Schema Diagram

The key challenge with representing a complete graph in a database is the number of edges on each node. If we take
an 11-player soccer team for example, each node will have 10 edges (one joining it to each other node), resulting in
a graph like the example graph shown on the cover page. We also need to take into consideration that each edge has
distance information associated with it, but no direction information. This means that storing the edges within the
node somehow is not a good idea: since there is no direction information, we would have to decide arbitrarily which
node to store an edge with, or duplicate it across both nodes. Furthermore, it is not easy to say with certainty the
number of edges that we will wish to store for each node at any given time, making it difficult to represent them as,
say, 10 distinct columns in a table. For example, if a player gets sent off and there are no other players available to be
substituted in their place, suddenly each node would have only 9 edges, or if we decided that we weren’t interested in
storing an edge if the distance between the players was too great to be meaningful, the number of edges stored per node
would be variable. I make the assumption that the graphs in questions are not multigraphs, i.e. there can be no edge
joining a node to itself (I can’t think of what that would even mean in this context, as the distance from a player to
themselves would naturally always be 0).

My proposed approach for representing the graph in a relational database is to have separate node & edge tables.
Because each node represents a player and each edge represents the distance between two players, the tables will be
named players & distances respectively to relate them easily to the physical reality that they represent. We must also
consider that the graph may be generated several times throughout a game, so we should be able to distinguish which
entries in a given table pertain to which graphs. For this reason, I will also make use of a third table called graphs,
which every entry in the distances table will have a foreign key to, allowing us to identify the graph to which that entry
pertains.

1.1 The graphs Table
The graphs table will be used to identify each graph. The table will have three columns:

* An auto-incrementing integer column called graph_id which will serve as the table’s primary key. This key will
be referenced by each row in the distances table so that the graph to which the data in the row relates can be
identified. An auto-incrementing ID was chosen as opposed to a composite key of the game’s ID & the time of
the graph’s generation so as to reduce the duplication of data across tables.

* An integer column called game_id which uniquely identifies the game to which the graph pertains. We assume
that this is defined elsewhere, either in a games table or simply on an iterative basis, where the n™ game played
gets a game_id of n. The SQL code examples will make the assumption that a games table exists, but since this
table is irrelevant to the representation of the graph and could be easily done without, I won’t bother defining
what columns it should contain or how to create it; the only column that it must contain is a game_id.

* A TIMESTAMP column called time_generated which represents the time at which the graph was generated. I opted
to use a standard TIMESTAMP instead of a variable representing the amount of game time that has elapsed for the
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sake of simplicity & flexibility. This column would constitute a candidate key if there was a guarantee that no two
matches would be played simultaneously, and therefore we wouldn’t need the graph_id or game_id. However, I
feel that this would be an unreasonable assumption to make and would result in a less robust schema so I opted
for the two extra columns instead.

1.1.1 SQL Code to Create the graphs Table

CREATE TABLE graphs (
graph_id INT NOT NULL AUTO_INCREMENT,
game_id INT NOT NULL,
time generated TIMESTAMP NOT NULL,

PRIMARY KEY (graph id),
FOREIGN KEY (game id) REFERENCES games(game id) -- assuming that a ‘graphs’ table exists

— elsewhere

Listing 1: SQL Code to Create the graphs Table

1.2 The players Table

The details of the player table depend on what kind of data we want to store per node. I am operating under the
assumption that we do not intend on storing the (z, y) co-ordinates of the player for each node on the graph. This
allows us to use some arbitrary players table which contains whatever information we want to store on each player such
as name, age, team, etc. The specifics of what is stored in the players table are largely irrelevant to the implementation
of my schema, the only requirement is that there is an unique integer player ID for each player that is unique across
teams and games. For this reason, I will operate with the most bare-bones possible player table which will contain an
auto-incrementing integer player ID and nothing else, but in a practical scenario this table ought to include columns
such as the name of the team to which the player belongs, the player’s name, the player’s squad number, etc.

If, however, we wanted to store the (, y) co-ordinates of each player with each node, it would be best to not use the
players table to represent the nodes; instead we should define a nodes table which has a foreign key to the players

table, a foreign key to the graphs table, & the (x, y) co-ordinates of the player at the time when the graph was generated.

1.2.1 SQL Code to Create the players Table

CREATE TABLE players (
player id INT NOT NULL AUTO INCREMENT,
-- whatever other relevant information for each player should be included here

PRIMARY KEY (player id)

Listing 2: SQL Code to Create the players Table

1.3 The distances Table

The purpose of the distances table is to represent the edges between each pair of nodes. It must store the IDs of two
nodes (or players) and the distance between them. However, since each edge is undirected, there is no easy way to say
which node should be stored in which column of the table. To ensure that the ordering of the node pairs remains
consistent, I will store the node with the lower player ID in the first column and the node with the higher player ID in
the second column. The graph will consist of three columns:

* The graph_id of the graph to which this edge belongs, which will reference the graphs table.



2 REPRESENTING THE DATA IN A DATA STRUCTURE

* A column named playerl which will hold the player ID of the first player in the pair of nodes that the edge joins.
The player ID stored in this column will be the lesser of the two player IDs in question, so that we can ensure
that the ordering remains consistent. This column will be a foreign key that references the players table.

* A column named player2 which will hold the player ID of the second player in the pair of nodes that the edge
joins. The player ID stored in this column will be the greater of the two player IDs in question, so that we can
ensure that the ordering remains consistent. This column will also be a foreign key that references the players

table.

* A column named distance which will store the distance between the two players at the time the graph was
generated. Assuming that this is measured in metres or some similar unit, this column will need to be a floating
point number.

Because I don’t expect to have any foreign keys referencing this table, it is likely more efficient in terms of space to
use a composite key comprised of the columns graph_id, playerl, & playerl instead of having an auto-incrementing
distance id column.

1.3.1 SQL Code to Create the distances Table

CREATE TABLE distances (
graph_id INT NOT NULL,
playerl INT NOT NULL,
player2 INT NOT NULL,
distance FLOAT,

PRIMARY KEY (graph id, playerl, player2),

FOREIGN KEY (graph _id) REFERENCES graphs(graph id),
FOREIGN KEY (playerl) REFERENCES players(player id),
FOREIGN KEY (player2) REFERENCES players(player id),

Listing 3: SQL Code to Create the distances Table

2 Representing the Data in a Data Structure

One of the most obvious ways to represent this data in a data structure (to me, at least) is to take an object-oriented
programming approach. My proposed data structure would be a hierarchy in which objects would be encapsulated
within other objects. There would be a class of Game objects which would contain all the data related to a game, including
a set of Graph objects. These Graph objects would contain all the data related to a graph generated at a moment in time
during the game, including a timestamp of when the graph was generated and a set of Edge objects. Each of these
Edge objects would contain two Player objects and the distance between them. Finally, the Player objects would
each contain data about the player which they represent, such as name, team name, etc. The Player objects would
be contained within the Edge objects using an unordered set, as the edges are undirected. The choice to store Player
(node) objects inside Edge objects instead of vice-versa is because the number of nodes per edge is known to always be 2,
whereas a node could have as many edges as there are other nodes in the graph.

An obvious question that arises from this proposed data is one of data duplication: if each edge contains two players,
would that not mean that each player object is duplicated for every edge object between it and another player? We can
avoid duplicating data by representing this data structure in a language such as Java, as Java allows us to make reference
to objects within several different objects, using what is essentially a data pointer. Therefore, two (or 10) Edge objects
could make reference to the same Player object without duplicating the data contained within that Player object.

2.1 Code to Represent the Data in a Data Structure

The following (highly simplified) Java code could be used to represent the proposed classes:
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3 ALGORITHM TO MEASURE THE SIMILARITY OF TWO GRAPHS

// Note that in Java, there can be only one “public’ class per file
// Therefore, if this code were to be actually used, each class must be in its own “*.java' file

public class Game {
// potential data fields that could be contained within the Game class
public int gameld;
public String homeTeam;
public String awayTeam;

// HashMap of Graph objects encapsulated within the Game object
public HashMap<LocalDateTime, Graph> graphs;

public class Graph {
public LocalDateTime timeGenerated; // need to import java.time.lLocalDateTime for this to work

// set of Edge objects encapsulated within the Graph object
public Set<Edge> edges;

public class Edge {
public float distance;

// set of Player objects encapsulated within the Edge object - there should be no more than 2
public Set<Player> nodes;

public class Player {
// potential data fields that would be contained within the Player class
public String name;
public int playerld; // assuming each player in the league has a unique ID

Listing 4: Sample Java Code to Represent the Proposed Data Structure

2.2 Alternative Data Structures

Another good (perhaps more conventional) choice of data structure to represent a graph would be to use an Adjacency
Matrix. This has the benefit of being very simple: it is simply a 2D array with a row & column for each node. Nodes
that share an edge should have the length of this edge recorded in the cells at the intersections between their rows &
columns. One drawback of the adjacency matrix is the data duplication: we store each value twice. It also doesn’t make
it very easy to store information on the nodes in an easily retrievable manner. It also is not very easy to change the size of
dynamically. However, it is simple, and highly programming-paradigm agnostic, so it too would be a good choice.

3 Algorithm to Measure the Similarity of Two Graphs

I think that the most appropriate algorithm for measuring the similarity of two graphs representing this kind of
data is Graph Edit Distance. Graph Edit Distance measures the similarity of two graphs by counting the number
of primitive graph operations that would be required to transform one of the graphs into the other. I feel that this
approach is particularly appropriate in the context of sports teams, as we can compare the number of graph operations
required to turn one graph into another to the number of player movements required to turn one formation into another.
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Getting the GED of two graphs is greatly simplified if the nodes can be set up in a one-to-one correspondence. If such a
relationship between nodes could be established for our data, then the task of computing the number of operations
required to transform one graph into the other would be much easier. Getting the identity of player nodes is more or
less difficult depending on the sport in question:

* For most team sports, players have set positions on a team. This makes it easy to establish equivalenced between
nodes: if we were comparing two rugby team graphs, we could compare the scrum-half node from one graph to
the scrum-half node of the other. I am making the simplifying assumption that when we compare two graphs,
the teams represented in those two graphs will be teams playing the same sport.

* For some team sports however, such as soccer, there are no set positions. There are common positions and
formations, but these are not set in stone. This makes it much harder to establish a correspondence between
equivalent nodes in different graphs. My proposed solution for establishing node identity for this type of sport is
to identify players by their distance from some mostly stationary player. In the case of soccer, players would be
identified by their distance from the goalkeeper of their team; in the majority of cases, the closest players will be
the backs, the furthest will be the forwards, and the middle players would be the midfielders. This is a less precise
correspondence than the one for sports with set positions, as the left back and the right back for example might
be of essentially the same distance from the goalkeeper causing the identities to be confused, but without having
set positions, it is difficult to compare the graphs of two potentially entirely unrelated teams.

Before calculating the Graph Edit Distance, we must also define what we consider to be primitive graph operations in
this context. Since we are dealing with a very specific type of data with weighted edges, I will be using some specific
graph operations. I will not be using “substitution” operations, as this is not something that I think is important to this
analysis, i.e. if we are comparing two team graphs, and the formation of the two is identical, but one has John Smith
playing as goalkeeper and the other has Joe Murphy, we don’t care about the specific identity of the nodes. Since the
formation is the same, we should consider the graphs to be identical without having to substitute the John Smith node
for the Joe Murphy node. The primitive graph operations that I will be considering are the following:

* Node insertion & deletion: if a player is missing from one graph, to transform one graph into the other we will
need to insert or delete a node.

* Distance lengthening & shortening: if the weight of an edge between two nodes is greater in one graph, to
transform one graph into the other we will need to lengthen or shorten the distance between the nodes. I am
assuming here that we are dealing only with complete graphs, i.e. each node is adjacent to every other node. For
a simple measurement of how different the two graphs are, I am going to treat the distances between nodes as
if one can be changed without changing all the others. Of course, on a real pitch, if the distance between two
players was to get shorter, it would mean that one or both of them had moved, in turn changing the distances
between them and the other players. I am going to count changing the length of an edge by 1 unit to be a simple
operation, so if an edge were to be transformed to be 5 units shorter, that would be 5 operations, and if it were to
be made 10 units longer, that would be 10 units.

Essentially, my approach can be boiled down to establishing a one-to-one correspondence between the nodes, and
then comparing the different edge lengths that those equivalent nodes have, and summing up the absolute value of the
differences to get a dissimilarity score, with the higher the score, the more dissimilar the graphs. The algorithm would
be as follows:

1. Establish a one-to-one correspondence between the nodes in the graph, by position if applicable for the sport,
or by distance from some root player (such as the goalkeeper) otherwise. If one graph has more nodes than the
other, note this.

2. Consider how many nodes would need to be added/deleted to/from Graph 1 to transform it into Graph 2. Take
the insertion/deletion of a node to be one operation, ignoring the length of those nodes’ edges. Add the count of
these operations to the overall dissimilarity score of the graphs.

3. For each pair of equivalent nodes in the two graphs, identify the equivalent edges by the ones that link to
equivalent nodes. For each of these equivalent edges, get the absolute value of the difference between the two
edge lengths. Add this absolute value to the overall dissimilarity score of the graph.
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This gives a simple yet meaningful measure of the differences between the two graphs. One way that this could be
improved is to use some algorithm to calculate how to re-arrange the graph such that each edge was the correct length
to reflect the physical reality of potential distances between players.

3.1 Alternative Algorithms

There are, of course, other algorithms that could be employed to calculate the similarity of two graphs. One such
algorithm that could be applicable in this context is the Global Clustering Coefhicient of the graph, which would tell us
how likely nodes within that graph are to form clusters, i.e. how likely it is that a node’s neighbours are also connected
to each other. This would give us an idea of how spread out the team is on the pitch, which would likely be useful for
certain types of analysis.

My initial idea for comparing the similarity of two graphs was to represent them as vectors and use Cosine Simi-
larity. This was particularly appealing to me because it’s a consistent and meaningful measure of the similarity of two
vectors, giving a score between —1 and 1, and doesn’t require re-inventing the wheel or any complex computations.
Furthermore, Cosine Similarity doesn’t consider the magnitude of a vector, so we could consider the shape of the
graph and ignore the exact distance between nodes if our vectorisation approach was appropriate. Even more appealing
was the fact that Cosine Similarity can compare vectors with different numbers of elements, meaning that we could
compare a team with 11 players to one that was missing a player and only had 10. Everything about the Cosine Similarity
approach was extremely appealing to me, and I spent a lot of time trying to get it to work, but I failed to define an
algorithm that could translate a graph into a vector in a meaningful manner, such that the direction of the vector in N
dimensions (with N being the number of nodes in the graph) said something meaningful about the overall shape of the
graph. Istill feel that there is a lot of potential in the Cosine Similarity approach, if only I had a meaningful way of
representing a graph as a vector. My attempts usually resulted in vectors that pointed in roughly the same direction
regardless of the shape of the graph, as I calculated the vectors by having one element per node, and each element to be
the “value” of the node, defined by value(v) = « - Degree(v) — Y i d; where v is a vertex in the graph, « is some
weight to emphasise the importance of the degree of the vertex, from which we subtract the sum of the length of each
distance value from 1 to 7 for an n-node graph. The issue with this approach is that it generally generated quite similar
vectors regardless of the actually similarity of the graphs, much to my disappointment.

4 Degree & In-Betweenness

4.1 Calculate the Degree of Each Node

Given a snapshot graph wherein edges shorter than some length k are discarded, and the data structure outlined in
IRepresenting the Data in a Data Structure, we can calculate the degree of each node by iterating over the set of
edges and incrementing a variable for each player when it is contained by an Edge object. This can be achieved with the

following Java code:

// Depending on how often we intend to do this calculation and how we intend to do it, it would
< likely be better to put this method in the ‘Graph’ class.
// However, to keep in line with the simplicity of the classes as defined previously, I have opted

< to pass the Graph to the method as an argument rather than change the Graph class.

// Input: A snapshot Graph object.
// Output: A HashMap data structure in which the key is a Player (node) object and the value
< accessible by that key is the degree of that Player (node) object.
public HashMap<Player, Integer> calculateDegrees(Graph graph) {
HashMap<Player, Integer> returnValues = new HashMap<>();

// looping over each Edge in the Graph
for (Edge edge: graph.edges) {
// loop over each Player in the Edge's ‘nodes’ Set
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// there should really be no more than two, practically speaking, and no less than 2
< assuming that we are not dealing with multigraphs but the number of nodes an edge
— joins doesn't matter from an algorithmic perspective
for (Player player : edge.nodes) {

// get the current degree count for the player if it is already defined

Integer degree = returnValues.get(player);

// 1f the degree is not yet defined, set it to 1
if (degree == null) {
degree = 1;
}
// otherwise increment it by 1
else {
degree++;

// set the player's degree in returnValues to the updated value
returnValues.put(player, degree);

Listing 5: Java Code to Calculate the Degree of Each Node in a Graph Snapshot

4.2 Determine Which Node(s) is/are On the Most Paths

Before we can determine which node is on the most paths, we must first define what we mean by that. I will take a
path in this context to be a finite sequence of nodes, with no repetition of nodes. Here, I am making the assumption
that each pair of nodes can only have one edge joining them, which is true for this kind of data. I am also making
the simplifying assumption that each path is a “simple path” and that a node cannot appear in a path twice, i.e. Tam
excluding cyclic paths. I am also not considering single nodes to be a path, i.e. a path must contain more than one node
to be considered a path. We must note that since we are dealing with undirected graphs, the paths too are undirected, so
apath A — B — Cisthesameas the pathC — B — A.

Firstly, we must find each extant simple path in the graph. Since we are dealing only with simple paths, we know
that no node can be repeated in a path, i.e. each path contains at most IV nodes, where N is the number of nodes in
the graph. We will represent a path as a Java ArrayList of Player objects. Each path of length ¢ will be stored with the
other paths of that length in an Set of ArrayLists, which is a data structure that allows no duplicates and ignores any
attempt to insert a duplicate object. We are going to generate each path of length 7 by appending nodes (where there is a
joining edge) to paths of length ¢ — 1 that we have already generated. Then we will have a Set of each directed path in
the graph, as we have not considered when generating the paths thatapath A -+ B — C' = C — B — A. Each Set
containing each path of length ¢ actually contains double the amount of paths that it should, as it has two of each path:
one forwards, one reversed. There are two options for dealing with this:

1. Remove the duplicate paths somehow, most likely by looping over each one backwards. While probably more
technically correct & robust, this seems like a lot of work.

2. Ignore the problem. Since we know that there are two of each path in our sets, we know that when we count
how many times a given Player object occurs in a path, we will get a number twice the size that it should be, and
we can just half it to get the correct value. If we wanted to be even more lazy, we could get away with not even
halving the count to get the correct value, as we just want to find the largest count relative to all the others, and
all the counts being off by a factor of 2 doesn’t affect our ability to do this.

I have opted to ignore the problem. My proposed algorithm to determine which node is on the greatest number of

paths using the data structure proposed in[Representing the Data in a Data Structure]is as follows:

7
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1. Declare a HashMap<Player, Integer>where the key is the Player and the value stored is the number of times
that Player occurs on a path in the graph.

2. Then, we must generate the “paths” of length 1. We won’t consider these paths for the calculation of which
node is on the most paths, but we will use these to build up our paths of length 2. We will loop over each Edge
in the graph, and insert each of its Player nodes into their own ArrayList of length 1, which will then each by
inserted into a Set containing all the “paths” of length 1. The Set will ensure that the single-node paths have no
duplicates.

3. Loop from i = 2 to 7 = N building up paths of length 7. We will do this by looping over each path of length
¢ — 1 in a sub-loop, and looping over each Edge in the graph in a sub-sub-loop. While having nested loops is
usually a bad sign, I feel justified in making use of them as finding each path requires it to be traversed, meaning
that this will be a costly process no matter what. For each path of length ¢ — 1, we will check if its final node is
also one of the nodes in each Edge object. If it is, we know that the Edge object’s other node could be appended
to this path to make a path of length . Before doing this however, we will check if this other node is already in
the path (as we are not allowing duplicate nodes) by using the contains () method (which is computationally
equivalent to looping over the whole list and comparing each object it contains to the node we want to append).
If the node is already in the path, we ignore it; otherwise, we make a new ArrayList by appending the node
(Player) to the path and inserting it into the Set of all paths of length 7. Then we increment the count for that
Player object in the HashMap

4. Return the Player object(s) from the HashMap that has/have the highest count.

4.2.1 Java Code to Determine Which Node(s) is/are On the Most Paths

// Input: A snapshot Graph object
// Output: The a Set of Player objects that are on the most paths
public Set<Player> getMostInfluentialNode(Graph graph) {
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HashMap<Player, Integer> counts = new HashMap<>();

// an ArraylList to hold the Sets of paths generated
ArrayList<Set<ArrayList<Player>>> setsOfPaths = new ArraylList<>();

// get a set of all the nodes in the graph
Set<Player> nodes = new HashSet<>();
for (Edge edge : graph.edges) {
for (Player player : edge.nodes) {
nodes.add(player);

// generate the "paths" of length 1
Set<ArrayList<Player>> oneNodePaths = new HashSet<>();
for (Player player : nodes) {

ArrayList<Player> path = new ArraylList<>();

path.add(player);

oneNodePaths.add(path);

// loop from i =2 to i = N building up paths of length i
for (int 1 = 2; i <= oneNodePaths.size(); i+=) {
// get the Set of paths of length i-1
Set<ArrayList<Player>> iMinusOnelLengthPaths = setsOfPaths.get(i-1);

// create the Set of paths of length i




31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

S0

51

52

S3

54

SS

56

S7

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

78

79

4 DEGREE & IN-BETWEENNESS

Set<ArrayList<Player>> ilLengthPaths = new HashSet<>();

// loop over each path of length i-1
for (ArrayList<Player> path : iMinusOnelLengthPaths) {
// loop over each edge in the graph
for (Edge edge : graph.edges) {
// check if the last node of the path is in the Edge
Player lastNode = path.get(path.size()-1);

// convert Set to Array so we can refer to the nodes by indices

// assuming here that each edge contains only two nodes -- more robust code would
— Ccheck for this

Player[] players = edge.nodes.toArray(new Player[2]);

// the code repetition here is not ideal, but it allows everything to be kept in
— one single method for readability

// 1f the Oth node of players is the same as lastNode, the 1st node of players can
— be appended
if (lastNode.equals(players[0])) {
// 1if players[1] is not already in the path
if (!path.contains(players[1])) {
// create new ArraylList to represent the path
ArrayList<Player> newPath = new ArraylList<>(path);
newPath.append(players[1]);

// increment the count for players[1]
if (counts.containsKey(players[1])) {
int newCount = counts.get(players[1l])++;

}
else {

int newCount = 1;
}

counts.put(players[1], newCount);

}
// else if the 1st node of players is the same as lastNode, the 0th node of
— players can be appended
else if (lastNode.equals(players[1l])) {
// 1if players[0] is not already in the path
if (!path.contains(players[0])) {
// create new ArraylList to represent the path
ArrayList<Player> newPath = new ArraylList<>(path);
newPath.append(players[0]);

// increment the count for players[0]
if (counts.containsKey(players[0])) {
int newCount = counts.get(players[0])++;

}
else {

int newCount = 1;
}

counts.put(players[0], newCount);
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80 }

81 }

82 }

83 }

84 }

85

86 // find the highest value in the hashmap

87 // will be double what it technically should be for an undirected graph but it doesn't matter
88 int highestCount = 0;

89 for (int count : counts.values) {

90 highestCount = (count > highestCount) ? count : highestCount;
91 }

92

93 // Set of Players with the highest counts to return
9% Set<Player> mostInfluential = new HashSet<>();

95 for (Player player : counts.keySet()) {

9% if (counts.get(player) == highestCount) {

97 mostInfluential.add(player);

98 }

99 }

100

101 return mostInfluential;

102 }

Listing 6: Java Code to Determine Which Node(s) is/are On the Most Paths

10
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