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7. The Normal Distribution
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Learning Objectives

• Describe features of the Normal distribution
• Describe the effects of changing values of the mean and standard 

deviation on the normal distribution
• Describe the Empirical Rule and its relationship with the normal 

distribution
• Describe features of the Standard Normal distribution
• Calculate normal probabilities using z-scores
• Calculate values of a normal random variable given the probability, 

(using the z-tables in reverse)
• Use R to calculate normal probabilities.
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Continuous Probability Distributions Recap

Note P(X=x) = 0  i.e. there is no area exactly at x !
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Normal Distribution 
• Also called the Gaussian distribution
• pdf is a bell-shaped curve
• The distribution of many types of observations can be 

approximated by a Normal – eg consider the relative 
frequency histograms of
• Heights
• Weight
• IQ, …, etc

• Single mode
• Symmetric 
• Model for continuous measurements
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The normal distribution
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Normal Distribution
A random variable X with probability density function 

is a normal random variable with parameters µ and s
(where - ¥ < µ < ¥ and s > 0)

5

Mean
Standard 
deviation 

𝑓 𝑥 =
1
2𝜋𝜎!

𝑒
(#$%)!
!'! - ¥ < x < ¥

Write  X ~ N(µ , s2)  
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Normal curves with     µ1 = µ2 and s1 < s2
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6 - 7

Normal curves with     µ1 < µ2 and s1 < s2
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http://www.artofstat.com
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Empirical Rule for a Normal Distribution

For any normal random variable, 
P(μ – σ < X < μ + σ)   = 0.6827
P(μ – 2σ < X < μ + 2σ) = 0.9545
P(μ – 3σ < X < μ + 3σ) = 0.9973

Probabilities associated with a normal distribution 9
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The 68-95-99.7 Rule 
• Normal models give us an idea of how extreme a 

value is by telling us how likely it is to find one that far 
from the mean.
• It turns out that in a Normal model:
• about 68% of the values fall within one standard deviation 

of the mean;
• about 95% of the values fall within two standard deviations 

of the mean; and,
• about 99.7% (almost all!) of the values fall within three 

standard deviations of the mean.
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P(x1 < X < x2) = area of the shaded region
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Areas under the Normal Curve
• Finding an area under a normal distribution in order to calculate 

probabilities
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Standardised Z scores.

To convert a random variable X which follows a N(µ , s2) to a random 
variable Z that follows a standard Normal N(0, 1) calculate Z as 

𝑍 =
𝑋 − 𝜇
𝜎

Convert X ~ N(100 , 100) to a random variable Z such that Z ~ N(0 , 1)  
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Z scores

• A z-score reports the number of standard deviations away from the 
mean.

• For example, a Z-score of 2 indicates that the observation is two 
standard deviations above the mean.
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Φ(z) = P(Z ≤ z) The cumulative distribution function of a standard normal  
random variable is denoted as   Φ(z) = P(Z ≤ z)
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Calculating Probabilities for N(0,1)
• Left tail – P(Z < 1.8)
• Directly from table

• Right tail – P(Z > 1.8)
• By subtraction  P(Z>1.8)=1 – P(Z £ 1.8)

• Interval Probabilities – P(1 < Z < 1.8)
• By difference: P(1 < Z < 1.8)=P(Z<1.8)-P(Z<1)
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Normal Probabilities by Hand 
• Use a table of the Standard Normal Distribution
• Convert to z-scores before using the table.

• X ~ N(500,1002) ;  P(X > 680) = P(Z > 1.8)=1-P(Z<1.8)=1-0.9641=0.0359
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Normal: P(-0.5 < Z < 1)=P(Z<1)-P(Z<-0.5)
=0.8413-0.3085=0.5328
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Using R to calculate probabilities from a Normal Distribution

pnorm(q=?? , mean= ?? , sd= ??)

pnorm returns the integral from -¥ to q for the pdf of the 
normal distribution with mean µ and standard deviation s.
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Example: Normal Distribution

Suppose that the current measurements in a strip of wire are 
assumed to follow a normal distribution with μ = 10 and σ = 2 mA, 
what is the probability that the current measurement is less than or 
equal to 9 mA?

Plot:
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Example: Normal Distribution

Suppose that the current measurements in a strip of wire are 
assumed to follow a normal distribution with μ = 10 and σ = 2 mA, 
what is the probability that the current measurement is less than or 
equal to 9 mA?

Plot: 0.20
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Distribution Plot
Normal, Mean=10, StDev=2
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Example: Normal Distribution

Suppose that the current measurements in a strip of wire are 
assumed to follow a normal distribution with μ = 10 and σ = 2 mA, 
what is the probability that the current measurement is less than or 
equal to 9 mA?
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Distribution Plot
Normal, Mean=10, StDev=2
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Example: Normal Distribution

Suppose that the current measurements in a strip of wire are 
assumed to follow a normal distribution with μ = 10 and σ = 2 mA, 
what is the probability that the current measurement is less than or 
equal to 9 mA?
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Distribution Plot
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Using R to calculate probabilities from a Normal Distribution

pnorm(q=?? , mean= ?? , sd= ??, lower.tail =  ??)

pnorm returns the integral from -¥ to q for the pdf of the 
normal distribution with mean µ and standard deviation s.

pnorm

Note: the default is a standardised normal. It means

pnorm(q=??)=pnorm(q=?? , mean= 0, sd= 1, lower.tail =  ??)
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pnorm(q=?? , mean= 0, sd= 1, lower.tail =  TRUE)

TRUE is the default

Defaults

pnorm(q=??)Which equals to: 
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pnorm(q=?? , mean= 0, sd= 1, lower.tail =  FALSE)
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Example: Normal Distribution

Suppose that the current measurements in a strip of wire are 
assumed to follow a normal distribution with μ = 10 and σ = 2 mA, 
what is the probability that the current measurement is between 9 
and 11 mA?

Plot:
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Normal, Mean=10, StDev=2
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Example: Normal Distribution

Suppose that the current measurements in a strip of wire are 
assumed to follow a normal distribution with μ = 10 and σ = 2 mA, 
what is the probability that the current measurement is between 
9 and 11 mA?

29
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Normal, Mean=10, StDev=2
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Distribution Plot
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Example: Normal Distribution

Suppose that the current measurements in a strip of wire are 
assumed to follow a normal distribution with μ = 10 and σ = 2 mA, 
what is the probability that the current measurement is between 
9 and 11 mA?

30

pnorm(q=11, mean=10, sd=2) - pnorm(q=9, mean=10, sd=2)=
pnorm(q=0.5, mean=0, sd=1) - pnorm(q=-0.5, mean=0, sd=1)=
pnorm(q=0.5) - pnorm(q=-0.5)
Probability: 0.3829
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Example: Normal Distribution determine percentiles …

Suppose that the current measurements in a strip of 
wire are assumed to follow a normal distribution with μ
= 10 and σ = 2 mA.

Determine the value for which the probability that a 
current measurement is below 0.98.

Plot:
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Distribution Plot
Normal, Mean=10, StDev=2

Example: Normal Distribution determine percentiles …

Determine the value for which the probability that a current 
measurement is below 0.98.

Plot:

32

Supply
p to 
find q 

q

p
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𝑃 𝑋 < 𝑘 = 0.98

𝑃
𝑋 − 10
2 <

𝑘 − 10
2 = 0.98

𝑃 𝑍 <
𝑘 − 10
2

= 0.98

We also know from the normal table that:
𝑃 𝑧 < 2.05 = 0.98

Therefore:

𝑃 𝑍 < )$(*
! =𝑃 𝑍 < 2.05 which means )$(*! = 2.05:

Then: k = 2 ∗ 2.05 + 10 = 14.10

Example: Normal Distribution determine percentiles …
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Using R to calculate percentiles from a Normal Distribution

qnorm(p=0.??, mean= ??, sd=?? , lower.tail = ??)

qnorm is the inverse of the cdf, which you can also think of 
as the inverse of pnorm.  Use qnorm to determine the x 
corresponding to the pth quantile of the normal 
distribution?

qnorm
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Determine the value for which the probability that a current 
measurement is below 0.98.
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Normal Approximations
• The binomial and Poisson distributions become more 

bell-shaped and symmetric as their mean value increase.
• If X ~Binomial 𝑛, 𝑝 then X~𝑁(𝑛𝑝, 𝑛𝑝(1−𝑝))
• If X ~Poisson 𝜆 then X~ (𝑁(𝜆, 𝜆)

• The normal distribution is a good approximation for:
• Binomial if np > 5 and n(1-p) > 5.
• Poisson if λ > 5.

• For manual calculations, the normal approximation is 
practical – use R for exact probabilities of the binomial 
and Poisson.
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6 - 37

Normal approximation of b(x; n=15, p=0.4)

µ= 15*0.4 = 6, 
s = 15*0.4*0.6 = 3.6

37

Normal Approximation to the Poisson
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Continuity Correction
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